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ABSTRACT: A gravitational shock wave is a solution to Einstein equations describing the
gravitational field of a massless particle. We obtain such a geometry for a particle moving
on a AdS3 brane embedded in a AdS4 bulk (the lower dimensional version of the “locally
localized gravity” model of Karch and Randall). In order to do this, we use two different
techniques. First, we solve directly Einstein equations sourced by a massless particle. Then
we boost to the speed of light the AdS5 brane black hole solution of Emparan et al. [I]
while sending its mass parameter to zero. Surprisingly, we obtain two different results. We
discuss the origin of these two different solutions both in the bulk and in the CFT picture.
As a by-product, we derive the expression for the shock wave associated to a transversally
accelerating particle in AdSy.
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1. Introduction

The Randall-Sundrum model [J, f]] offers a new way, alternative to the Kaluza-Klein com-
pactification, to achieve lower dimensional gravity at large distances. The model is realized
by cutting Anti-de Sitter (AdS) space with a codimension-one brane, where gravity is lo-
calized. Depending on its tension, the brane can have the geometry of Minkowski, de Sitter
(dS) or Anti-de Sitter space. Of course, the phenomenologically most interesting case is
that of a minkowskian 3-brane. However, other configurations have a profound theoretical
interest. In the present paper we will be concerned with AdS branes, and we will focus in
particular on the case of a 2-brane in a 3 + 1 dimensional bulk.

The mechanism of gravity localization works in very different ways depending on the
brane tension. For a supercritical tension (leading to a dS brane), the brane is acceler-
ating in the AdS bulk, so that the AdS boundary is hidden behind a Rindler horizon. A
brane observer sees a spectrum of Kaluza-Klein gravitons that contains a zero mode and a
continuum of massive modes separated from the zero mode by a mass gap. If we decrease
the brane tension, the gap reduces and the spectrum eventually collapses, for a Minkowski
brane, to a continuum that still starts from a zero mode. If we keep lowering the tension
we obtain a AdS brane, and the brane observer can now see the boundary of the bulk



AdS space and its infinite volume. This implies that the zero mode of the graviton is not
normalizable and - strictly speaking - we do not expect to see localized gravity any more.
By continuity, however, if the brane AdS radius is large enough gravity should still appear
localized at least in some regime. This is precisely what happens in the locally localized
gravity model of Karch and Randall [A]. In this case brane gravity looks like usual mass-
less gravity from distances of the order of the bulk AdS radius all the way to distances
much larger than the brane AdS radius. At much larger scales, however, some deviation
emerges, showing that the graviton has actually an (ultrasmall) mass. For this reason, the
Karch-Randall is especially interesting: its low energy regime describes a consistent model
of massive gravity that starts with a generally covariant action.

The first exact solution for a localized source in the context of the Karch-Randall model
has been presented in [B]. This solution is a gravitational shock wave, the gravitational field
of a massless particle. The solution of [f] allowed to derive a number of properties of the
locally localized gravitational field, including the couplings to matter of the Kaluza-Klein
modes of the graviton.

In general a shock wave solution can be found in two different ways. A first possibility
is to solve directly Einstein’s equations for a null source. In this case, the “cut and paste”
trick of Dray and ’t Hooft is especially useful. The second option is to start from the
gravitational field of a massive particle at rest, and then boost the particle to the speed of
light while sending its mass to zero, so that the momentum of the particle remains finite.
This technique was used in the original work by Aichelburg and SexI [ff].

In the case of a AdSy 3-brane studied in [f] only the first technique could be used, since
no solution for a massive particle on the AdS, brane is known.! In the lower dimensional
case of a AdS3 brane, however, solutions associated to brane localized matter were found
by Emparan et al. [, ffl. These solutions are obtained by cutting the AdS C-metric (that
describes a particle in AdS, space attached to a string that accelerates it [[0]) with a AdS3
brane.

For this reason, in this paper we will study shock waves in the lower dimensional
case of a AdS3 2-brane embedded in a AdS; bulk. This will allow us to use both of the
techniques described above. In section 3 we will derive the shock wave on the AdS3 brane
starting directly from a relativistic source and using Dray and ’t Hooft’s technique. Then,
in section 4, we derive the shock wave solution by boosting the AdS3 brane black hole of
Emparan et al. [l]. In order to derive this result, we compute the metric that corresponds
to boosting to the speed of light the AdS C-metric in a direction orthogonal to the string.
To our knowledge, this is a new solution to Einstein equations, not present in the existing
literature.

Surprisingly enough, the two solutions of sections 3 and 4 do not agree with each other.
This is our main result, and we will discuss the origin of this discrepancy in section 5.

One of the most interesting aspects of the Randall-Sundrum model is that it is con-
jectured to enjoy a dual interpretation in terms of a conformal field theory (CFT) coupled

!The only such solution explicitly known in this case is the bulk black string discussed e.g. in [E], that
however corresponds to a source that extends through the whole bulk.



to gravity. According to this duality, the classical dynamics in the AdSg;1 bulk cut by a
brane describes the quantum dynamics of the dual CF'T, in the planar limit of a large N
expansion, coupled to classical gravity in d dimensions. This implies that solutions of clas-
sical d + 1 dimensional Einstein equations can be mapped into solutions of d-dimensional
Einstein equations that include a CFT stress-energy tensor considered at the quantum level
in the planar limit.

The conjectured duality has passed several tests, such as those of [(1], [Z]. Some of
these tests concern the case of a AdS brane: in a series of papers [[[—[Lf] the generation of
an ultralight mass for the graviton has been explained in the CFT picture as a quantum
effect of the coupling of the CFT to gravity, similarly to what happens in 1+1 dimen-
sional Quantum Electrodynamics where a mass for the photon is generated by quantum
effects [[17].

In section 5 we will discuss the CFT interpretation of the different solutions found in
sections 3 and 4. As we will see, the origin of these different solutions can be traced back
to the fact that, for a AdS brane, the CFT on the brane does not encode all of the bulk
degrees of freedom, but only part of them. The remaining part of bulk degrees of freedom
can be mapped onto a CFT that lives on the boundary of the bulk AdS space. As we will
see, the two different solutions of section 3 and 4 can be argued to emerge from the fact
that the CFT at the boundary of AdS, are in different states.

2. Shock wave on AdS;

Let us start by reviewing the shock wave geometry in AdSs. This metric has been found by
Sfetsos [1g] by solving directly Einstein equations for a null source. More recently Cai and
Griffiths [I9] have recovered this solution by boosting a conical singularity in AdSs while
sending the mass to zero. Both methods give the same result, that can be represented as
follows. We start from four dimensional space with coordinates Zy, Z1, Z2, Z3 and metric
ds* = —dZ3 + dZ} + dZ3 — dZ3. Empty AdSs (with AdS radius £3) is the hyperboloid
—Z2+ 73+ Z2— 72 = —(3. Tt is possible to write the AdS; metric in light cone coordinates

u, v, x as follows

Z9 263% sinh x ,
Zs =3 % cosh y , (2.1)
so that the metric is
dSEmpty Ads; = % 2 (%)2 A2 . (2.2)



In terms of these coordinates, the shock wave associated to a particle with momentum
p moving along the null trajectory u = 0 reads?® [L§, [[9]
2 2 plsy _ 9
dSShock AdSs = ASEmpty Adss T 2 ¢ X6 (u) du® . (2.3)
The shockwave in this case represents a deficit angle in the background space. Since gravity
in three dimensions is not dynamical, this solution has topological nature.

3. Shock wave on AdS3; brane embedded in AdS, space

In this section we use the Dray and 't Hooft technique [f] to derive the metric describing
a shock wave on a AdSs brane (with AdS radius ¢3) embedded in AdSy space (radius £y4).

Our starting point is empty AdSy, that we describe as the hyperboloid —W§ + W2 +
W3 + W3 — W2 = —{3 embedded in a five-dimensional space with metric ds?> = —dW¢ +
dW32 + dW3 + dW2 — dW2. A convenient choice of coordinates is the following

Wo = % 2y ,

-zt

Wy = % A

W3 = % Zy

Wy = % Zs | (3.1)
where Z, ..., Z3 are given in eq. (R.)).

In this coordinate system AdSy is foliated into AdSs slices

(7

2 2 2
dSAdS4 = M [dSAdS'g, + dz :| s (32)

where dsids3 is the same as in equation (R.J). Slices of constant z cut AdSs spaces with
radius ¢ = {4/ sin (z/¢3). In particular, we are interested in a brane with curvature ¢z so
that we place it at zg, where zg is defined by

sin (Zo/fg) = f4/€3 . (33)

The Karch-Randall construction requires the full metric to be Zs-symmetric across the
brane. This can be achieved by replacing z — |2| + zp in the metric above, so that (B.J)
becomes [R)

3
02 sin? [(|2] + 20) /03]

dS%{R = [d52AdS3 —|— dZ2] . (34)

20ur convention in the definition of the d-dimensional Planck mass is that Einstein equations read
Guv = Ty /MJ 2.



Now we introduce our source: the only nonvanishing component of the stress energy
tensor of a massless particle with momentum p moving along the line x =0, u =0, z = 0,
reads

T = T2 5350 (3.5)

For such a source, and following Dray and 't Hooft [f], we look for the shock wave metric
in the form (see also the appendix)

2 a2 443 2
dsShock KR = dSKR @ sin? [(2] + 20) /63]f(z’ X) 6 (u) du”, (3.6)
where the equation for f (z, x) reads
2 1 [ 0
021 = 2-cot (420 /610 + 5 (52 =1) £ = Fhd0da) . 3)
Defining the variable ¢ = z/{3, and decomposing f(¢, x) = [7° dgqe" ¥ 1p4(¢) we get
0y = 20t (161 + o) Dy = (14 oy = 530(0) (3.8)
The solution of this equation [1], PJ is a linear combination of
cos ([¢] + Co) sinh [g (|¢] + Co)] — gsin (|¢] + Co) cosh [(g (|¢] + Co)] (3.9)
and
cos ([¢] + Co) cosh [g (I¢] + Co)] — gsin (] + Co) sinh [(g (I¢] + Co)] - (3.10)

Next, we require our solution to be reqular at the AdSy boundary, and hence we impose
Yq([C] 4+ o =) = 0 to get

g (¢) = Ng{cos (I¢| + (o) sinh[g (|¢] + Co — m)] — gsin (|¢] + Co) cosh [q(|¢| + o — )]}
(3.11)

The normalization constant N, can be found by integrating (B.§) on a small interval around
¢ =0, so that the final expression for the shock wave reads

- pls oo cos qx
160 = =35m0, [ L+ &) s g (G -]~ (8.12)
s {cos (I¢] + Co) sinh [q (I¢] + Co — m)] — gsin (IC] + Go) cosh[q (I¢] + ¢o — )]}

In particular, the function f on the brane takes the form

5 =000 =~ [T B ot o+ qeorb la(r— )] . (313

Using the theorem of residues, we can show that for (y # 0, eq. (B.13) can also be written
as

=0, y) = emelxl 3.14
F(¢c=0, %MzZnQaQ_l (3.14)
where we have defined the dimensionless quantity

a=— iTCo ) (3.15)

We can now check the validity of this result by considering some special limits where
the shock wave metric is already known.



3.1 Two limits: flat brane and no bulk

The limit of a flat brane (¢3 — oo) is obtained by sending (y — 0. In this case we find
from (B.13)

f(€=0,x) =

[w e cot Golgy—o—Ix| € X =1-2 cosh x| 10g(1—67|x‘)] +0(G),
(3.16)

R 4
47TM2

where cot (o = /€3 — (3 /{4.

In order to deal with the divergent term cot (o|¢,—0 We set x = R/¢3 (where R is the
proper radial distance from the source) before sending 3 — oo while keeping R finite. In
this limit the metric reads

f(¢=0,%x) = [7|R| + L4log(R/t3)?] (3.17)

p
47TE4MZ
plus a divergent term (o ¢3) that is however independent of the coordinates and can be
set to zero by a coordinate transformation.

The first term in (B.17) is the contribution from 2 + 1 gravity and is associated to
the deficit angle generated by a mass in 2 + 1 dimensions [, P4, while the second term
has the same form as a 3 + 1 dimensional shock wave [[i]. Eq. (B.17) coincides with the
result previously found in [P]. Comparing the above result (B.17) with the known 2 + 1
dimensional Minkowski shockwave (f = p|R|/2M2 [RJ]), we obtain the expression of the
effective 2 + 1 dimensional Planck mass for a flat brane: M§3_’°° =20y M}.

One more check can be made by taking the limit in which the bulk disappears. This
is achieved by sending ¢4, — 0 (i.e. (9 — 0) and M2 — oo while keeping the product
20, M} = M?f“ﬁo finite. In this limit we find cot {y ~ ¢3/¢4, and using (B.16) we obtain

_ ___bBp
f(¢=0, x)——QMgwoe Xl (3.18)

which, as expected, matches (R.3) once we set Mg“ﬂo = Ms.

3.2 Mass spectrum

Following a procedure analogous to that of [ff], we can find the mass spectrum for the
graviton. In order to do this, we decompose the shock wave in Kaluza-Klein modes by

writing (B.§) as
agi/)q — 2cot ([¢] + Co) O¢j¥g = —m2€§ (1 (3.19)

where mzfg = —1 — ¢%. Here, the values of ¢ are given by the poles in (B.13)

™n

Gn=i———  n=1,2,3 ... 3.20
U (3:20)
Thus our result is 5 9
m2 =14+ —" (3.21)
e (m—¢o)? '

We see that, analogously to the Karch-Randall case [H] of a AdS, brane in AdSs bulk,

there is no zero mode of the graviton as long as (5 # 0. Moreover, this technique allows



us to prove that the mechanism that leads to an ultralight graviton is at work also in the
lower dimensional case. In the case of a AdS4 brane in a AdSs bulk, indeed, the lightest
mode of the graviton goes as 1/3/205/¢2 (1+ O (¢5/4)) for £5 < £4 [[]. In our case of a
AdSs-brane, for () < 1, the mass of the ultralight mode reads m$; ~ 2(y/nf3, i.e.

204 1 n
muL =\ g <”O (7)) ' (3.22)

The scaling myy, o &11/ 2 /62/ ?is in agreement with expectations from AdS/CFT argu-
ments [[§—[l6]. Indeed, since the phenomenon of mass generation for the graviton is
associated to gravitational dynamics, we must have m%L x 1/Ms. Since /3 is the only
other scale on the CFT side of the problem, then, m%L o 1/Ms (3. Finally, m%L X g«
where g, oc M? £3 is the number of degrees of freedom in the CFT. Putting together these
factors (and using M3 oc M2¢,) we readily recover the scaling (B-22).

Following an argument analogous to that of [H], we can also find the value of the

effective 2 4+ 1 dimensional Planck mass for finite ¢3, defined as the coupling to matter of

the ultralight mode of the graviton. Comparing (B.14) to (R.3) we find

CO 1 64 64 2
M (03) = 2 M35 o <1 — —) ~ M, |1 - — (—) +0 (—) : (3.23)
o 2m \ {3 l3

3.3 The CFT energy momentum tensor

One of the main motivations for the study of the gravitational field of localized sources
in the Randall-Sundrum model is the dual interpretation of such solutions as quantum-
corrected metrics [R6], R7. Once the brane metric is given, it is straightforward to derive
the 2 + 1 dimensional stress-energy tensor that supports it. Such tensor contains two
contributions: the first is just the stress energy tensor of the original, classical sources. A
second contribution is associated to gravitational backreaction of the CFT modes that are
excited by the gravitational field of the classical source.

The general expression for the 241 energy momentum tensor is derived in the appendix,
eq. ([AI9). For the shock wave (B.13) we find that the expression for the CFT tensor reads

2M3 82 a2 M3 1

TCFT _ 5} [1 — _} = ——
uu 02 (u) o2 F00 4 M2 02 b sinh?(a/2)

5(u) (3.24)

where we see that, as a consequence of Lorentz contraction, the stress energy tensor of
the CFT is also localized on the null surface v = 0. At variance with the stress energy
tensor of the classical source, however, the CFT tensor has a nontrivial profile along the x
coordinate.

The effect of the CFT in the solution (B.13) can also be interpreted as a running of the
effective Planck constant [f]. In this case, the expression (B.23) corresponds to the infrared
limit of the 2 + 1 dimensional Planck mass, and its running is induced by the effect of the
Kaluza-Klein modes in eq. (3.14)).
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Figure 1: The Karch-Randall black hole construction of [[fl: we show here a constant time slice
of AdSy; the singularity at y — —oo [see eq. (@)] corresponds to the location of the particle, the
dashed line describes the string that is pulling the particle towards the AdS, boundary. The shaded
area corresponds to the region that is suppressed by the cut-and-paste Randall Sundrum procedure.

4. Boosting the AdS C-metric

Let us now turn to the second way of getting a shock wave metric, i.e. by boosting to the
speed of light the gravitational field of a massive particle while sending to zero the mass of
the particle, so that the particle momentum stays finite.

4.1 The AdS C-metric

Our starting point is the AdSs-brane black hole solution given in [[l]. In that paper,
a black hole solution is found by observing that a particle on the Randall-Sundrum (or
Karch-Randall) brane has to be accelerated with respect to the bulk. In order to generate
such an acceleration, it is necessary to attach the particle to a string pulling it towards the
AdS boundary (we sketch this construction in figure 1). The metric corresponding to this
setup is known in four dimensional AdS space® and is called AdS C-metric [d. In order
to construct a brane black hole solution it is then sufficient to cut the bulk AdS space with
a brane at the location of the particle, throwing away the part of space that contains the
string, and gluing to the brane a Zs-symmetric copy of the part of AdS space that has

been retained.

To obtain the brane shock wave associated to the black hole solution of [fl], we will
eventually boost the whole system of string+particle in a direction that is transverse to
that of the string, in such a way that the particle remains on the surface of the brane, while

sending the mass of the particle to zero.

3For a study of analogous metrics in higher dimensions see [@]



Our starting point is the AdS C-metric, that can be written in the form

1 dy? da?

ds? = ——— | —H (y) dt®* + —— + —— + G (z) d¢*| ,
A? (z—y)? ) H(y) G(=) () a9
A
H _ _ 2 m 3
(y) =A—ky oY
mA
G(x):1+kx2—4ﬂ_M2:c3, (4.1)

with A > 0 and kK = —1, 0, +1. Here m is interpreted (at least in the small m regime) as
the mass of the particle and A is its acceleration.

The brane is located at z = 0 [, so that the brane induced metric reads (after some
simple coordinate redefinition, and setting A\ A% = 1//3)

r2 m r2 m -1
ds2=— (= - Va2 (T k- ) @2y 2ds? 4.2
’ <e§ 47TM57«> +<e§ 47TM57«> T (4.2)

where the periodicity of ¢ depends on m as described below. Our first task is to choose the
sign of k. To do this, we consider the fact we will eventually send the parameter m to zero
while boosting the source to the speed of light. In order for the boost to be well defined,
we need the background coordinate system to cover the whole AdSs. This forces us to
choose the branch with £k = —1, since both branches k¥ = 0 and k£ = +1 have a horizon at
r = ¢3Vk and do not cover all of AdSs.

So from now on we will set k = —1 in the metric ([.1)). For a detailed interpretation
of this metric see e.g. PJ-B1]. For the present work, all we need to know is that —1/y is
a radial coordinate from the particle (that is located at a singularity at y — —oo) while
x is roughly interpreted as cosf in polar coordinates. The x coordinate is bound to be
larger than y, and the AdS; boundary is the surface = y. The equation G () = 0 has
three roots, out of which only one (for m > 0) is positive, let us call it 9. The fact that
x is interpreted as cos 6 implies that x = xo corresponds to a polar axis. Since we will
eventually introduce the Randall-Sundrum brane at x = 0, cutting away the region z < 0,
we only care about the region 0 < x < z2. In order to avoid a conical singularity on
the axis * = xo then we impose that the angle ¢ ranges between 0 and 47/ |G’ (z2)| ~
21 [1 — mA/ArMZ + O ((mA/M})?)].

For m = 0 the above metric ([.1]) describes empty AdS;. To see this, we remind that
AdS4 can be embedded in five dimensional space with coordinates Wy, Wy, Wy, W3, Wy,
as discussed in section 3. In terms of these coordinates, the metric (1)) with m = 0 is

given by

1 Vy2+ A
WO A—\/XT_yCOS (\/Xt> s
1 y+ Az

TANI Ay —a)




WQZZ T —y 0s ¢,
1 vV1—2a2
Wgz—ixsm(b,
A z—y

1 Vy2+ A .
_ . 4.
Wy A z—y sm(x/Xt) (4.3)
The AdSy radius is

1
CAVAFT

For finite m, the metric has a singularity at y — —oo, that corresponds, in the limit

04 (4.4)

of small m, to a particle whose worldline follows

- VvAi+1
WO_&T cos <\/Xt) ,
— 64
Wy =—,
VY
Wo=W3=0,
- VA+T |
Wy =144 5y sin <\/Xt) (4.5)

The AdSs brane will eventually be located at z = 0 [[], corresponding to the plane
Wprane — ¢, /\/A. By comparing this with expression (B-1), or equivalently by looking
at (L), we find that the AdS3 curvature of the brane will be given by 1/¢3 = A/

4.2 The boosted AdS C-metric

We now perform a boost along the (Wy, Ws) direction (so that the W; coordinate, and
therefore the location of the brane, is left unchanged), by replacing

Wo — v (Wo —BWa)
Wy — v (W — B8Wo) (4.6)

with v = 1/4/1 — 32. Finally, we take the limit 3 — 1, m — 0 with m~ = p finite.

To find the boosted result we use the same procedure described in e.g. [BJ]: first, we
expand the metric at first order in m and we replace m — p/+, then we send v — oo while
using the identity

T o f (3 (Wo = 3T72)) = (W — 75) / fwydu. (4.7)

that can be easily proved by treating v f (v (Wy — 8 W3)) as a distribution [BZ.

In order to boost properly our metric, we have to take into account also the deficit
angle in ¢. In the limit m — 0, we have indeed 0 < ¢ < 27 (1 — mA/47TM42), so that before
expanding at first order in m we have to perform the redefinition ¢ — ¢/ (1 —mA/4m M, 42)
This way, ¢ ranges on its natural interval [0, 27].

,10,



The final result is
pA

ds® = dsigg, + e 1) 5 (Wo = Wa) d (Wo — Wy)? (4.8)
4
— Wy (VAW W _1<\/)\+1W3>
X | — )\—i—l—i——\/Xtanh —_—— — ——tan —_— .
ly <\/>\+1W4> ly by — VAW,

This is one of the main results of our paper: it represents the metric (in the embedding
coordinates Wy, ..., Wy) describing a null particle in AdSy with radius ¢4 subject to an
acceleration A =1/ ¢4/ X + 1 transverse to the direction of motion of the particle.

We now obtain the shock wave metric on the AdS3 brane by using the coordinate
system (B.1]), where we set 2 = zy = f3(p so that sin(y = ¢4/¢3, and then using for the

Zy, ..., Z3 coordinates the light cone system (R.1)). The resulting metric is
ds? = dstnpty Ads; — s X (4.9)
P A M2 cos? (g

h 1
X |7 cot (o sinh | x| + (2 — cosh x log M)] S(u)du®.
coshy —1
We can bring this result to a form that makes comparison with the pure AdS3 case easier.
Following [[[], we write the metric ([.9) in terms of the embedding coordinates (P.1), so
that it reads

ds* = —dU dV + dZ3 — dZ3 + (4.10)

p |Za| Zy . Zz+ 13 2
——— t o —— 2——1 o(U)dU
27 Mf COS2 CO |:7T 0 CO €3 + < fg o8 Z3 — €3 ( ) ’

with U = Zg — Z1 and V = Zy + Z;. We then perform the transformation

U—-U,
p cotly Zs p  cot(p U
TS T o) - (L 9N Y g@
- 2 M2 cos?(p {3 () <4Mf cos? (o) 43 o)
Zy — Zy
t U
Zy— 25+ L Ot Ug qpy (4.11)

4 M? cos?(p 5

where © is the Heaviside step function. This transformation has the effect of replacing |Zs|
with |Zs| — Z3 in equation ({.10), or equivalently to bring (.9) to the form

2 2 p _ coshy +1 9
ds” = dsgg, + m [71 cot Coe X — <2 — cosh x log coshy 1 o(u)du” .
(4.12)

This is the final expression for the brane metric obtained by boosting the solution ([I.])).
The first term in the above metric is the contribution from the deficit angle. It corresponds
to the term in e~ IX! in eq. (B.3). The second term has the same form of the AdS shock
wave in 3 + 1 dimensions [BJ]. Its presence reflects the fact that the black hole solution
of [l contains one term that corresponds to the classical AdS3 conical singularity and a

— 11 —



7quantum” term that resembles that of the 3 + 1 dimensional AdS black hole and dresses
the conical singularity with a horizon.

As a check of the validity of the result above, it is straightforward to show that the
limits of a flat brane and of no bulk give the same resulting brane metric as that shown in
section 3.1.

4.3 The CFT energy momentum tensor

By using the procedure described in subsection 3.3, we can find the energy momentum
tensor associated to the CFT

1 Ms 1
7 cos? (o M3 02 P inn? X

TS — S (u) . (4.13)
This expression can be found also by boosting the energy momentum tensor [P7] associated
to the CFT around the brane-localized black hole of [I]

1
% o —diag (1, 1, —2) . (4.14)
T

The expression (f.13) is different from the induced CFT stress energy tensor found
in section 3.3, but its form is extremely similar to it, the only difference being on the
dependence on x rather than on « x/2 (and indeed the two expressions coincide for (y =
/2, le. a = 2).

It is worth remarking that also for this solution one can interpret the effect of the
CFT as running of the effective Planck mass. In this case, the running of the Planck scale
appears to be different from that observed in section 3.

5. Discussion: two shock waves on the AdS3 brane

We have constructed the metric associated to a null source on a AdSs brane embedded in
a AdS4 bulk in two different ways.

In section 3 we have obtained this metric by directly solving Einstein equations for a
null source. The resulting brane shockwave is given in equation ([B.14). In order to obtain
this result, we have effectively decomposed the shock wave in Kaluza-Klein modes, imposing
that the solution is regular at the AdS, boundary of our bulk. This allowed us to find the
expression for the masses of the Kaluza-Klein graviton (B.21]) and to prove that, similarly
to the case of a AdSy brane in AdSs bulk, there is no zero mode of the graviton, even if
there is an ultralight mode, whose Compton wavelength is much larger than /5. The reason
for the absence of a zero mode was discussed in [[f]: an observer on the AdS;3 brane can see
all of the AdS, bulk, including its boundary. The "would be” zero mode of the graviton
is divergent (and non normalizable) on the bulk AdSs boundary, and therefore decouples
from the brane matter. The absence of a massless mode of the graviton is confirmed by
the fact that for large x the shockwave goes as e~®XI, with o = 7/ (7 — {y) > 1 whereas
for a theory of massless gravity in AdSs one expects f oc e~ IX

In section 4, then, we have obtained a shock wave by boosting to the speed of light the
AdS3 brane black hole of [[l] while sending its mass to zero. The resulting brane metric
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is given in ({.19). It is apparent that the expressions (B.14) and (§.12) do not coincide!
In particular, the boost of the brane black hole metric of [l] seems to excite a massless

graviton, since at large distances f o e~/XI.

Where does this different behavior come from? The answer lies in the different behavior
on the AdS4 boundary. In the case discussed in section 3, we have imposed by hand that
the function f goes to zero as ¢ — m— (p. A section of the metric given by (B.€) and (B.19)
at ( = m— (p— € (that in the absence of shock wave gives an AdSs3 space) gives an induced
metric that is that of AdSs with radius ¢ ~ ¢4/e with a correction associated to the brane
shockwave that is proportional to €>:

1
dsegs @), ) le=r—co-c = 5 [@5Bmpyaas, + O (¢))] - (5.1)

On the other hand, the boosted metric ([£.§), cut at a surface z = (7 — €) £3 (equivalent
to ( =m — (o —€), reads, for e < 1,

1 2p A L2
2 9 2
N Y AR

1
x | VA cosh y tanh ™! | ————
[ coshxtan (\/)\—i—lcosh)()

VA + 1sinhx

+sinhy tan™! <
X N5y

)]5(u)du2 + O (e) }
(5.2)

that contains a nontrivial term as € — 0. It is possible to verify that eq. ({.§) is actually a
solution to the shock wave equation (B.7). However, such a solution cannot be decomposed
a la Kaluza-Klein, since the individual modes that make this solution are not square-
summable close to the AdS4 boundary.

We conclude that both egs. (B.6), (B.12) and eq. (1.§) give a legitimate shock wave on
the brane, however they have radically different behavior at the bulk boundary. We now
turn to the CFT interpretation of this phenomenon.

5.1 The CFT interpretation

It is of course interesting to interpret the existence of these two different shock wave
solutions in terms of the CFT dual of the Karch-Randall model.

Subsequently to the paper [, that first observed the absence of a zero mode for the
graviton in this setting, it has been shown [L—[Lf] that the ultralight mass for the graviton
can be generated by a CFT with appropriate (transparent) boundary conditions on a AdS
background. The shock wave of section 3 displays the properties that we expect to find in
massive gravity.

On the other hand, the existence of the AdS black hole solution of [27] associated to
the AdS C-metric should also be explained by the existence of a CFT with transparent
boundary conditions on the boundary of AdSs;. This has not been shown in a rigorous
way, since there is no explicit computation of the stress energy tensor of a CFT around a
conical singularity in AdSs. However, the k = —1 branch of eq. (.2) (that we have used to
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generate the shock wave of section 4) can be continuously deformed into the branch with
k = +1, that can be shown to correspond to a BTZ black hole [B4] corrected by a CFT
with transparent boundary conditions [BJ—B1].

So it seems that both the shock waves of section 3 and 4 are obtained by endowing
the same source (a null particle in AdSs) with the quantum corrections of a CFT with
the same (transparent) boundary conditions. Now: why the two solutions are different?
Here we argue that the difference between these solutions emerges from the fact that the
dual of the Karch-Randall model contains actually two CFTs. The two different solutions
corresponds to situations where the second CFT is in a different state.

The CFT structure of the Karch-Randall model is more complicated than that of
a simple CFT in interaction with gravity. Indeed, the CFT “on the brane” does not
describe all of the bulk degrees of freedom, but only those degrees of freedom that lie in
the holographic domain of the brane, i.e. whose holographic projection lies on the brane.
As discussed in [Bg], for a brane located at z = 0 in the coordinates (B.4), the holographic
domain corresponds to the region 0 < z < mf3/2. The remaining part of bulk is mapped
into a CF'T that lives on the boundary of AdS4. The two CFTs communicate though the
common boundary of the spaces where they live (the equator of Sy x R of figure 1).

We can now associate the shock wave described in section 3 to the case where the
second CFT is in its ground state. Indeed, the metric (f.1) induced on the fictitious
brane at z = (m — €) {3 is pure AdS3 metric for ¢ — 0. This corresponds to putting the
second CFT in its vacuum state. We stress that this is the situation where the dynamical
generation of a mass for the graviton is observed.

The metric (f.9), on the other hand, gives a nontrivial metric at the AdS; boundary,
that corresponds to a deformation of the second CFT. It is interesting to notice that in
this case the long distance behavior of the shockwave corresponds to the one associated
to a massless graviton. A possible interpretation is that the deformation of the boundary
conditions leaves the second CFT in an excited state, effectively changing the boundary
conditions of our brane CFT. Since the boundary conditions of the CFT living in the AdSs
space are crucial in determining whether the graviton mass is generated (see e.g. [4]), it is
natural to imagine that this different state prevents the gravitational Higgs phenomenon
from taking place.

At this point, it is also important to note that the original construction of [fl] contained
two branes. The second brane was introduced to insure that the graviton spectrum contains
a zero mode (however, in the spirit of the Karch-Randall model, the presence of this second
brane is not necessary). Remarkably, the second brane was located at z = 7f3/2 in the
coordinates (B.4), that is exactly at the boundary of the holographic region found in [Bg.
This allows us to find a second CFT interpretation of the brane black hole of [l and of the
shock wave found in section 4. In this interpretation, the second CFT does not exist at
all (since the corresponding part of bulk has been thrown away), and the graviton remains
massless.

These results show explicitly how different metrics can be obtained when we deform
the second CFT. More in general, they show that the choice of boundary conditions in the
CFT can affect strongly the nature of the quantum corrected metrics of localized objects.
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They also raise a natural question: what happens if we "unboost” the metric found in
section 37 In other words, suppose that now we see the shock wave geometry as the metric
of an extremely light but not massless particle. In this case one can go to the rest frame for
this particle, and ask what the metric will look like. Since we have found two shock waves,
it is natural to expect the existence of two branches of solutions associated to finite mass,
brane localized objects. It would be very interesting to study the nature of the objects
belonging to the second branch.

To sum up, in this paper we have seen the power of gravitational shock waves in the
study of the properties of brane gravity, by showing that there are (at least) two different
solutions to Einstein equations for a null source moving along a AdSs brane embedded
in a AdSy bulk. From the bulk perspective, the origin of these two different solutions is
clearly explained by different conditions at the AdS, boundary of the bulk. In particular,
one of the shock waves excites a profile of the bulk graviton that is not normalizable from
the three-dimensional point of view. The CFT interpretation of these two solution is more
subtle, and we argued that the two different solutions correspond to putting the AdS,
boundary CFT in a different state.
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A. Shock wave on AdS,,_; brane embedded in AdS,, space

In this appendix we work out all the relevant formulae needed for the study of gravitational
shock waves associated to particles localized on a AdS,,_1 brane embedded in AdS,, space.
Consider the following metric d§? = Q?(z)ds? where

ds? =2 A(u,v) dudv + g (u, v) hij(z) da'da? + dz* (A.1)

where ¢, j =1, 2, ..., n— 3, and u and v are null coordinates. We also assume that there
exist matter fields with energy momentum tensor given by

T = 2T (u, v, x, 2) dudv + Tyy(u, v, 2, 2) du® + Ty (u, v, z, 2) dv® +
+ T3 (w, v, 2, 2) da' da? + T, (u, v, 2, 2) d2° (A.2)

Now consider a massless particle located at u = 0 and moving with the speed of light in the
direction of v. Dray and 't Hooft showed that the effect of this particle on the background
geometry can be described by the metric (A.1) and the energy momentum tensor ([A.J) for
u < 0 and by making the shift v — v+ f(z, 2) in (A.T]) . The resulting metric reads [f, [[§

ds? = 2A(u, v+ Of)du(dv+0O f;dx’' + 0O f.dz) + F(u, v+ 0O f, z, z) du®
+g (u, v+ O f) hij (x) do'dx? + dz* . (A.3)
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where © = O(u) is the Heaviside step function. Using the coordinate transformation @ = wu,
T=x,2=zand v =v+ 0O f we get (after suppressing all hats)

ds? =2 A(u, v) dudv + F (u, x, ) du® + g (u, v) hyj (z) de'da? + d2? | (A.4)

where F' = —2 A (u, v) f (x, z) 6 and 6 = §(u) is the Dirac-delta function.

The general strategy for obtaining the shock wave equation is to start by calculating
the components of Ricci tensor for the ds2 metric, then we add the contribution from the
conformal factor. The final results are

S _3 uAu uu 2u 2Auv _3 uv A 829
Ryw = = (9’ % _ 2, +g+>+[ v B g’7+3Ah+A6§+2AZT

2 gA g 2g2 A 2
9.0 820\ 24,4, n-3
n—3 Aw A% n—=30g,4,)\ 00
+ 2Ag (9ug0 + g,vA,u)] Jo+ ( T az T oA 170, (A.5)
and
S AuAv Auv _3 ud,v _3 uv A2v AUU _3 ’UAU
Ruy=(2opr Do B Cfely R_Cfw) (o2 fww RoCSviw g
A A 4 g 2 g A A 2  gA
920 9.0\ >
_QA_(n_3)<Q> A, (A.6)

where A, denotes the laplacian associated to the metric h;;.

Now we consider AdS,, space foliated into AdS,,_1 slices. In addition, we introduce a
brane at z = 0 with the AdS,, space being Z, symmetric across the brane. The form of
the metric is given by [f]

2 2
%%— G (%) (dx2 + sinh? Xinsz) +d2?|
(1—uv/€371) I—uv/li_y

(A7)
where dQ2_, is the metric on the (n — 4)-dimensional sphere, and the function Q(|z|) is
given by Q (|z|) = £,,/ln—1 sin ((z0 + |2|)/€n—1) where £,,_1 and ¢, are the radii of curvature

of the brane and bulk space respectively. Direct calculations show that the first bracket

d5 445, = 2*(|2]) [

in (A.§) vanishes identically. In addition, A ,|u—0 = gv|lu=o = 0. The only nonvanishing
component of the energy momentum tensor of a massless particle on the brane is given by

Fparticle _ en_zf - 5(1)5(:) 60 8(61) - 5(61) (A.8)
n—1

The background energy momentum tensor is given by

background __ m
TS g — 6 8K gpn3(2), (A.9)
1Given the metric d32? = Q2(z)ds2, the relation between Ry, and R,y is given by Rey = Rou —

[(n = 2)8367 + govg®”] Q7" (VaVsQ) + [2(n = 2)550] — (n = 3)gong™’] Q7% (VaQ) (V5) .
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where M, N =u,v,1,2, ..., n—=3,z; uv =u,v,1,2, ..., n—3, and A and o are the bulk
and brane cosmological constants respectively. Plugging (A.§) and (A.9) into Einstein’s
equations ]N%W — Juw R/2 = TW/M[;_Q and noticing that gy, = —2fguwd(u) we obtain [[1§]

1

Ry = Mﬁfzfggrtide —2f(x, 2) 6 (u) Ruo (A.10)
and
5 1 o guv ol
- (7, - T A1l
Ruv MS,Q < uv n—2 ) ) ( )

where M, is the n-dimensional Planck mass.

Now, substituting (A.H) and ([A.g) into (A.I() we get

> 91,2 1 p 1
02 + (1 = D)= + g (Bn+3=n) [ = g o 0(2)0005(01) - 6(Bns)
" (A.12)

By solving this equation it is possible to find gravitational shock wave solutions asso-
ciated to brane null sources in the Karch-Randall model of any dimensionality.

The above formulae allow us to find the relationship between bulk and brane cosmolog-
ical constants in terms of the bulk and brane radii. One can find such relation from the u—v
component of Einstein’s equations ([A.11]) using Ty, = TPWk 4 Thrane — _Ag, . — 0g,,6(2)
and T.% = —nA — (n — 1)0é(z). Substituting (A.q ) into (A.11]) we get

t 1) + -
foy Ot/ ) e T 2o )

_ ﬁguv [—A (1 - n22> o <1 - Z:;) 5@)} . (A13)

Noticing that g,, = AQ? we find

4 —2§(z) n—1 ]

(n—1)(n— 2)M,’}’2
202 ’

azz(n—z)Mg*%/eiz—ﬁi. (A.15)
n n—1

Finally, we can compute the CFT energy momentum tensor associated to a given

A=—

(A.14)

and

shock wave solution. In order to do this, we compute the n — 1 dimensional Einstein tensor
built with the above metric restricted to the brane, and identify it with the CFT energy

momentum tensor times M"™ 3

-1, where M,,_; is the Planck mass on the brane. This way

we obtain

CFT 2 (n—3) M~} [ d?

uu = 67%_1 8X

5 — 1] Ff(x)d(u) . (A.16)
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